CHAPTER 6

Sampling of Continuous-Time Signals

Tutorial Problems

1. (a) Solution:

2o(t) = Eejgepoomt + §e—jge—j200nt + gejsoont . ze—j300wt
2 2 j j
The spectra of.(t) is:

265, Q=2007
2e7I%, Q= -2007

Xc(jQ) = %, Q = 3007
—§, Q = —300m
0, elsewhere

The spectraX(e’”) of z[n] is:

X(e)| _op=Fs > Xe(jQ — j2rkFy)

k=—00

X(e¥)| _popr =Fs Y Xc[j2m(F — kFy)]

k=—o00
The signal can recovered fofn] if iz =1 KHz.

(b) Solution:
The signal can recovered fofn] if z = 500 Hz.

(c) Solution:
The signal can NOT recovered fofn] if £ = 100 Hz.
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(d) tba.
MATLAB script:

% P0601: Illustrates the alias distortion
close all; clc

Fs = 1e3; % Part (a)

% Fs = 500; % Part (b)

% Fs = 100; % Part (c)

T = 1/Fs;
FH = 150;
FL = FH+Fs;

F = -FL:50:FL;
X = zeros(1,length(F));

for k = -1:1;

ind = F == -150+k*Fs; X(ind) = X(ind)-2/j;

ind = F == -100+k*Fs; X(ind) = X(ind)+5/2*exp(-j*pi/6);
ind = F == 100+k*Fs; X(ind) = X(ind)+5/2*exp(j*pi/6);
ind = F == 150+k*Fs; X(ind) = X(ind)+2/j;

end

ind = X==0;

X(ind) = nan;

%% Plot:

hfa = figconfg(’P0601a’);

subplot (211)

stem (F*2*pi*T,abs(X),’filled’)

y1lim([0 max(abs(X))+0.5])

set(gca, ’XTick’, [-Fs*24pixT O Fs*2xpixT])

set(gca, ’XTickLabel’,{’-\Omega_s*T’,’0’,’\Omega_s*T’})
xlabel(’\omega’,’fontsize’,LFS)

ylabel(’ |H(e"{j\omega}) |’, ’fontsize’ ,LFS)
title(’Magnitude Response’,’fontsize’,TFS)

subplot (212)

stem(F*2xpi*T,angle(X),’filled’)

set(gca, ’XTick’, [-Fs*2*pixT 0 Fs*2xpix*T])

set(gca, ’XTickLabel’,{’-\Omega_s*T’,’0’,’\Omega_s*T’})
xlabel(’\omega’,’fontsize’,LFS)

ylabel(’\angle H(e"{j\omega})|’,’fontsize’ ,LFS)
title(’Phase Response’,’fontsize’,TFS)

hfb = figconfg(’P0601b’);
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subplot (211)

stem(F,abs(X),’filled’)

ylim([0 max(abs(X))+0.5])

set(gca,’XTick’, [-Fs -Fs/2 0 Fs/2 Fs])

set(gca, ’XTickLabel’,{’-Fs’,’-Fs/2°,°0°,’Fs/2’,’Fs’})
xlabel (’F’,’fontsize’,LFS)

ylabel(’ |H(e"{j2\pi FT})|’,’fontsize’ ,LFS)
title(’Magnitude Response’,’fontsize’,TFS)

subplot (212)

stem(F,angle(X),’filled’)

set(gca,’XTick’, [-Fs -Fs/2 0 Fs/2 Fsl)

set(gca, ’XTickLabel’ ,{’-Fs’,’-Fs/2°,°0°,’Fs/2’,’Fs’})
xlabel (’F’,’fontsize’,LFS)

ylabel(’\angle H(e"{j2\pi FT})’,’fontsize’,LFS)
title(’Phase Response’,’fontsize’,TFS)
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FIGURE 6.1: Spectra ak(e*) as a function of (a) in 29 and (b)F in Hz when
the sample rate ig; = 1 KHz.
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FIGURE 6.3: Spectra ak(e*) as a function of (a) in 29 and (b)F in Hz when
the sample rate ig; = 100 Hz.
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[’Fs = ’,num2str(Fs(3))],’location’,’best’)

11. tha

12. (@) Solution:
The quantizer resolution is:

10v

8 = 0.0390625v

(b) Solution:

SQNR= 10log;; SQNR= 6.02B+1.76 = 6.02x8+1.76 = 49.92dB
(c) Solution:
The sampling rate is:
211
FE ==_ = 2%sam/sec
23

The folding frequency id3 /2 = 27.
The Nyquist rate i$00.

(d) Solution:
The reconstructed signal(¢) is:

Ye(t) = 2cos(2007t) — 3sin(127t)

13. Proof:
() Linearity.

ai - Tin1 (NT) + ag - Tin2(NT) = a1 - Tous1 (t) + a2 - Tout2 (%)

The S&H system follows the superposition property, and Besa linear
system.
(i) Time-variance.

wout(t - T) 7é wout(t)7 ift—r /G[TLT, (Tl + 1)T]

Hence, the system is time-varying.
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16. (@) See plot below.

IX(@?"FFS), Fs =801
T
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x [ [ x

0 Fs/2
=

FIGURE 6.24: Spectrum of the sampled signal as a functiof’ iz when the
sampling rate ig; = 801.

(b) See plot below.
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FIGURE 6.25: Spectrum of the sampled signal as a functiof’ iz when the
sampling rate ig; = 201.

(c) tba.

% P0616: Sampling Illustration
close all; clc

%% Part (a):

% Fs = 801;

%% Part (b):

Fs = 201;

dF = 1;

F = 0:dF:Fs;
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X = zeros(size(F));
FcosF = [325 350 375 400];
Fcos = [1 2 3 4];
while any(FcosF > Fs/2)
ind = FcosF > Fs/2;
FcosF(ind) = abs(FcosF(ind) - Fs);
end
for jj = -1:1
for ii = 1:length(FcosF)
ind = abs(F)==abs(FcosF(ii)+jj*Fs);
X(ind) = X(ind) + Fcos(ii)*Fs;
end
end
ind = X==0;
X(ind) = nan;
%% Plot:
hfa = figconfg(’P0616a’,’long’);
stem(F,abs(X),’filled’);
x1im ([0 Fsl)
set(gca, ’Xtick’, [0 Fs/2 Fsl)
set(gca,’Xticklabel’,{’0’,’Fs/2’,’Fs’})
set(gca, ’XGrid’,’on’)
xlabel (’F’,’fontsize’ ,LFS)
title([’ |X(e"{j2\pi F/Fs}H) I, Fs = ’,num2str(Fs)],’fontsize’,TFS)

17. Solution:
F{ =105 -5 = 100Hz, Ff; =145 + 5 = 150Hz

The bandwidth is
B = F; — F{, = 50Hz

The minimum sampling rate is computed by

min | = 2F; /| F};/B] = 100Hz

MATLAB script:

% P0617: Sampling Illustration
close all; clc
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18. Proof:

pe(@.5) = {1/,42, | < A2, |yl < A/2 (6.59)

0, otherwise

Pu(Fy Fy) = sin(mFyA)  sin(rF,A)

6.90
Tk, A x Ty A ( )

/
: /_ A A
i) (1

A oy F A
2 —]2m 1 2
L eiZmy y‘_é

P(Fy, Fy) = (2, y)e 2rltvi) dady

NN
NJFS 8

PclT
1 —ji2n(zFa+yFy)
Ee v dxdy

e i2myky dy)

NJFS
NS

| =

e—j27erx

= 2 .
A-(—j2nF,) A-(—j2nF,)

_ sin(nF,A) " sin(mF,A)

- wEA ml,A

19. (a) Solution:

Se(x,y) = 3cos(2.4mx+2.6my) = 3 cos(2.4mx) cos(2.6my)—3sin(2.47x) sin(2.67y)
s[m,n] = 3 cos(0.8wm + 1.37n)

sr(x,y) = 3cos(l.6mrz — 2.67y)
(b) Solution:

slm,n] = 3cos(1.2rm + 0.86677n)
sy(x,y) = 3cos(2.4mx — 1.4my)
(c) Solution:
s[m,n] = 3cos(0.8wm + 0.86677n)
sr(x,y) = 3cos(2.4mx + 2.67y)
20. (a) Solution:

1 mAw—l—T nAy—I— >
dxd
Sfa[m7n] AII:AZ/ /;nAw /r;Ay__ ':U y) x y

(b) tba
(c) tha
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Basic Problems

21. Proof:
The sampler is:

ZTout(t) = zin(nT); nT <t < (n+1)T, Vn

(i) Memoryless. The current system value is only relatedhéodurrent time
index and is not affected by previous system values. Heheesampler is
memoryless.
(i) Linearity.

ai - Tin1(NT) + ag - Tin2(NT) = a1 - Tous1 (t) + a2 - Tourz (%)

The S&H system follows the superposition property, and bBeésa linear
system.
(i) Time-variance.

wout(t - T) 7& wout(t)7 ift—r E["I’LT, (n + 1)T]
Hence, the system is time-varying.

22. Solution:
The spectra of the continuous signalt) is

3, F=0

b, =8

—-j, F=-8
Xe(j2rF) = 5J’ [

5 F=-12

kO, otherwise

The spectra of sampled sequende] is:

X(ejw)|w:w/g - R Z Xe[j2m(F — nK))

n=—0oo

x.(t) can be recovered if (a) = 30 Hz, and can NOT be recovered if (b)
F, =20Hz, (c) ks = 15 Hz.

MATLAB script:



CHAPTER 6. Sampling of Continuous-Time Signals

% P0622: Illustrates the alias distortion

close all; clc

Fs = 30; % Part (a)

% Fs = 20; % Part (b)

% Fs = 15; % Part (c)

T = 1/Fs;

FH = 24;

FL = FH+Fs;

F = -FL:1:FL;

X = zeros(1,length(F));

for k = -5:5;

ind = F == kx*Fs; X(ind) = X(ind)+3%*Fs;

ind = F == -12+k*Fs; X(ind) = X(ind)+5%Fs;
ind = F == -8+kxFs; X(ind) = X(ind)-1/j*Fs;
ind = F == 8+k#*Fs; X(ind) = X(ind)+1/j*Fs;
ind = F == 12+k*Fs; X(ind) = X(ind)+5%Fs;
end

ind = X==0;

X(ind) = nan;

%% Plot:

hfa = figconfg(’P0622a’) ;

subplot(211)

stem(F*2xpi*T,abs(X),’filled’)
ylim([0 max(abs(X))+0.5])
set(gca, ’XTick’, [-Fs*2*pi*T O Fs*2*pi*T])

set(gca, ’XTickLabel’,{’-\Omega_s*T’,’0’,’\Omega_s*T’})

xlabel(’\omega’,’fontsize’,LFS)

ylabel (’ |H(e"{j\omegal})|’,’fontsize’,LFS)
title(’Magnitude Response’,’fontsize’,TFS)
subplot (212)
stem(F*2*pi*T,angle(X),’filled’)

set(gca, ’XTick’, [-Fs*2*pi*T 0 Fs*2*pi*T])

set(gca, ’XTickLabel’,{’-\Omega_s*T’,’0’,’\Omega_s*T’})

xlabel(’\omega’,’fontsize’,LFS)

ylabel(’\angle H(e"{j\omega})|’,’fontsize’ ,LFS)

title(’Phase Response’,’fontsize’,TFS)

hfb = figconfg(’P0622b’);
subplot (211)
stem(F,abs(X),’filled’)

368
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ylim([0 max(abs(X))+0.5])

set(gca,’XTick’, [-Fs -Fs/2 0 Fs/2 Fsl)

set(gca, ’XTickLabel’,{’-Fs’,’-Fs/2°,°0°,’Fs/2’,’Fs’})
xlabel (’F’,’fontsize’ ,LFS)

ylabel(’ |H(e"{j2\pi FT})|’,’fontsize’ ,LFS)
title(’Magnitude Response’,’fontsize’,TFS)

subplot (212)

stem(F,angle(X),’filled’)

set(gca, ’XTick’, [-Fs -Fs/2 0 Fs/2 Fsl)
set(gca,’XTickLabel’,{’-Fs’,’-Fs/2°,°0°,’Fs/2’,’Fs’})
xlabel (’F’,’fontsize’,LFS)

ylabel (’\angle H(e"{j2\pi FT})’,’fontsize’ ,LFS)
title(’Phase Response’,’fontsize’,TFS)
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FIGURE 6.27: Spectra ak(e) as a function of (a) in 24 and (b) F' in Hz
when the sample rate 1§ = 30 KHz.
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Magnitude Response

372

60

IHE®)
5

o LI

T

-\Omega_s*T 0 \Omega_s*T

w

Phase Response

-\Omega_s*T 0 \Omega_s*T
()
€Y
Magnitude Response

60 .
E:
£ 40 .
2
T
— 20+ .

L I I I I I

~Fs

-Fs/2 0 Fs/2 Fs
F

Phase Response

(b)

FIGURE 6.29: Spectra ak(e) as a function of (a) in 24 and (b) F' in Hz

when the sample rate 1§ = 15 KHz.

sam



CHAPTER 6. Sampling of Continuous-Time Signals 382

27.

28.

while F2y > Fs/2
F2y = F2y-Fs;
end
yr = 3*cos(2xpixFly*t+pi/4)+3*sin(2*pi*F2y*t) ;
%/ Plot:
hfa = figconfg(’P0626a’,’long’);
plot(t,xc); hold on

plot(nT,xn,’.’,’color’,’red’)
xlabel(’t’,’fontsize’ ,LFS)
title([’F_1 = ’ ,num2str(F1),’, F_2 = ’,num2str(F2)],’fontsize’,TFS)

legend(’x_c(t)’,’x[n]’,’location’, ’northeast’)

hfb = figconfg(’P0626b’, long’);

plot(t,xc,t,yr,nT,xn,’.’)

xlabel(’t’,’fontsize’,LFS)

title([’F_1 = ’ ,num2str(F1),’, F_2 = ’,num2str(F2)],’fontsize’,TFS)
legend(’x_c(t)’,’y_r(t)’,’x[n]’,’location’, ’northeast’)

(a) Solution:
64k .
B = K- 8bits/sam
The quantizer step is:
10v
7;;::(10390625v
(b) Solution:
The SQNR is:
SQNR= 10log;;, SQNR= 6.02B+1.76 = 6.02«B+1.76 = 49.92dB
(c) the folding frequency
Solution:
The folding frequency i3 /2 = 4k.
(d) Solution:
The reconstructed signal () is:
x(t) = —5sin[60007t — /2]
Solution:

B = Fg — F1, =20 —18.1 = 1.9KHz
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35. The same as P0623

36. Solution:
The spectra of the sampled sequenpd is:
X(ejw) w Q/E ~ = I Z — 21k E)]
k=—o00

The signalz.(¢) can NOT be recovered when the sampling interval is (a)
T=m ()T =0.57,(c)T = 0.27.
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FIGURE 6.51: Magnitude responseX(eJ“’) as a function ofv in srgﬁq when the
sampling interval ig" = .
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FIGURE 6.52: Magnitude responseX(eJ“’) as a function ofv in ""d m When the
sampling interval ig" = 0.57.

MATLAB script:

% P0636: Plot the spectra of sampled sequence
close all; clc

= pi; % Part a
% T = 0.5%pi; % Part b
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Magnitude Response
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FIGURE 6.53: Magnitude response &f{e’) as a function of in 224 when the
sampling interval ig" = 0.27.

37.

sam

% T = 0.2xpi; % Part c

Fs = 1/T;

Omegas = 2#pi/T;

Omega = -2*0megas:0.01:2*0Omegas;

X = zeros(size(Omega));

for k = -10:1:10

X = X + pixexp(-abs(Omega-k*Omegas))/T;
end

%% Plot:

hfa = figconfg(’P0636a’,’long’);

plot (OmegaxT,abs (X))

xlabel(’\omega (rad/sam)’,’fontsize’,LFS)
ylabel (’ |[H(e"{j2\pi F})|’,’fontsize’,LFS)
ylim([0 max(abs(X))*1.1])
x1im([-2*0Omegas*T 2x0megas*T])
title(’Magnitude Response’,’fontsize’,TFS)

Solution:
The spectra of the continuous signalt) is:

0, otherwise

Xo(j2nF) = {

The spectra of the sampled sequenp€ is:

o0

X ymaeryre = B D Xelj2n(E = kE)]

k=—o00



