CHAPTER 3

The z-Transform

Tutorial Problems

1. (a) Solution:

[e.9] o0

X(z) = Z x[n]z™" = Z

n=—oo n=—oo

(b) Solution:

o [e.e]

X(z) = Z z[n]z™" = Z <%

n=—oo n=—oo
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ROC:|2| > 0
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(c) Solution:
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ROC: - < |2| < 2
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(d) Solution:
1\" 1\" 1 . 1 _.
. _ I + gmn/3 | - —jmn/3
x[n] <2> cos(mn/3)uln] = x[n] <2> (26 <+2e Juln]
e 2 & T3\
1 1 1 1
2 1— eJ”/?’Z—l 21— %e—jw/?)z—l

1———c ( )z‘l 1— 171 1
2 3 1 :

= ROC:|z| > =

l1—cos(3)z'+3272 1—2z141272 12 2

2. (a) Proof:
The input inx=filter(b,a, [1,zeros(1,N)]) is actually impulse
signald[n]. Thez-transform of impulse response is 1. Henkg;) =

X(2).
(b) Solution:
X(2) = f: ol = f: D (25t
n=—00 S, 2 3
o0 1>n 3 o0 < 1>n B
:Z _ z n_I_Z =
n:0<2 —=\ 3
1 1 2__%2—1 1
- + = ROC:|z| > =
1—1z1 144270 111 —1x2 2| 5

(c) MATLAB script:

% P0302: verify z-transform expression of a causal

% sequence using function ’filter’
close all; clc

= 0:20;

= (1/2)."n+(-1/3) . n;
b = [2 -1/6];
a=[1-1/6 -1/6];
xnz = filter(b,a, [1,zeros(1,length(n)-1)1);
% Plot

hf = figconfg(’P0302’);
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Original Sequence

1.5+
£ af
x
0.5
0 T T Ld L] e . - . . e . . .
0 2 4 6 8 10 12 14 16 18
Sequence Computed from z-transform
1.5+
£ 1t
x
0.5
0 T T Ld L] e . - . . . . . e
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Time Index n
FIGURE 3.2: MATLAB  verification of z-transform expression us-
ing“x=filter(b,a,[1,zeros(1,N)])".
3. Proof:
z[n] = (r" sinwgn)uln| = r" iej‘”on — ie_j‘”o" uln]
2j 2j
X@) = 37 alnle = 5230 (refaT)" = 52 37 (re0a )"
n=-—00 n=0 n=0
1 1 1 1
C 2§ 1 —refwoyl 251 —rejwoy—l
; -1
_ r(sinwo)2 ROC:|z| > r
1—2(rcoswy)z=t 4 r2z—2
4. (a) Solution:
1- 4 P

X = =
e e A Py i g S g e
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ROC:|2| > 2 afn] = gu[n] + g(—Q)"u[n]
ROC:|2| < 1 afn] = —gu[—n - g(—Q)"u[—n )
2
ROC:1 < |2 <2 aln] = Suln] - g(—2)nu[—n ]
(b) Solution:
1— 21
X(z) = v =4- e ROC:|z| > 2
1 n
x[n] = 40[n] — 3 <Z> uln]
(c) Solution:
X(z) = 2 P ROC:|z| > 0.5
J T 052 T 10252 1 T
z[n] = 2(0.5)"uln] — (0.25)"u[n]
5. Solution:
1 4 7 8 2
_ 201 -1 1 -2 _ 2 = o2 1 “ =2
X(z) =2%(1 3% Y(1—2")(14+22"7) == 3z—|—3 3% —|—3z
ofn] = 0 -+ 2] — 5000+ 1]+ 20ln] = 6n — 1] + 26T — 2
6. (a) Solution:
-3
Time-shifting: Y (z) = 273X (2) = #, ROC:|z| < 2
(b) Solution:
.. _ 2
Scaling: Y(z) = X(32) = - ROC:|z| < 3
(c) Solution:
1 1

Folding and convolution: Y (z) = X (2)X(1/z) = T 9,1 19
— 4z — 4z

1
2
1—2271 4272

1
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Pole-Zero Plot ROC: Grey Area
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FIGURE 3.3: Pole-zero plot and ROC 9.

11. (a) Solution:

1
H(Z) = 1—761,2_17 ROC‘Z’ > ‘CL’
1
1 1
Y(:) = HEX () = 17— 17—
a —b
_ _a=b a—b .
=T T T ROC:|z| > max{|al, |b|}
a b
y[n] = — au[n] + P b"u[n]
(b) Solution:
1
H(z)=X(2) = g ROC:|z| > |al
1
Y(2) = H(E)X () = garmy
1 az™!
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(c) Solution:
zln] = a~"u[-n] = 6[n] + (@) ul-n — 1]
X(z) =1+ =, ROCifz| < Jaf”
Y(z) = H(2)X(z) = <;—> ' (1 - %>
1—az! l—a tz!
_ T I [ ROC:|a| < |2 < |a| ™!

1—az"! 1—a1z7V
n —n a|n\
A B s

12. (a) Proof:
ree[l] 2> alnlaln — 0 = xln + aln] = 2[l] « 2[-1]
By applying the folding property, the-transform of sequence[—I] is
X (z71) with ROCB~! < |2| < o~ L. Hence, we proved
Ryu(2) = X(2)X (¢7') ROC:max{a, 3 '} < |z| < min{8,a '}

(b) Solution:

= ROC:|z| > |al

1 —az !
X(zhH = = ROC: -1
== 2] < lal

Rup(2) = X(2)X (271) = (1 _ Zz—1> (1 __Zi;—1>

ROC:|a| < |2| < |a|™*

(c) Solution:

Rpp(z) = —=_ 4 1= ROC:a| < |2] < |a|

RNEDVNERPENERE
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Pole-Zero Plot ROC: Grey Area
1/|al

® -

Imaginary Part
o

-1/|a

-lla] 1 0 1 1a
Real Part

FIGURE 3.4: Pole-zero plot and ROC #f,,.(z).

13. Solution:
H(z) = f(g 1o g;—_ll+ 2 1 —%22_1 T —_fz_l
ROC:|z| > 2
hn] = g 9mun] — g . <%>nu[n]
ROC:|z| < %

3 3 2
14. Solution: Y(2)
z
H = = ROC: —
(Z) X(Z) 1_%2; 1’ |Z| > 9



CHAPTER 3. The:-Transform

. 1 j
_ Lilm/On . SE . —
yln] = el L To=i(/) ¢

(b) z[n] = &/ u[n]

- 1
1 — ed(m/4) 17

1 1
Y(2) = X(2)H(2) = (1 - %2_1> (1 - ej(wmz—l)

1 1

1—2¢i(m/4) 1—2e—i(7/4)
= - ROC:|z| > 1
1— 121 * 1 — el(m/49,-1’ 12

X(2) ROC:|z| > 1

1 1\" 1 .
- - | Z = i/ n
vinl = 55w <2> v+ Temm el

(€) z[n]=(-1)", —oco<n<oo

yln] = (=" - H(z) :=1= 3 (=1)"

ROC:|z| > 1

V() = X()H(:) - (1 - 1) (=)
2

1 2
=—3 4+ 3 ROC:|z| > 1
2

z—1 14271

15. (a) Solution:

) 1
= - a-L) ROC:|z| > 5

The system is stable if it is causal.
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(b) Solution:
-1
H(Z)_l—%z—l = ROC.\2]>§
\" \"
hin] ——<Z> umy+2<§> uln]
(c) Solution:
1
U(z) = T ROC:|z| > 1
1

3 —2 8 1
= , ROC:|z| > =
1——%2—1+ 1——%2—1_+ 1—2z71 12 2

sln] = % G)nu[n] ) <%>nu[n] + gu[n]

(d) MATLAB script:

% P0315: verify the calculated impulse and step

% response sequences using function ’filter’
close all; clc
n = 0:10;

%% Impluse Response:

hn = -(1/4)."n + 2%(1/2)."n ;

b=1;

a = [1-3/4 1/8];

hnz = filter(b,a, [1,zeros(1l,length(n)-1)1);

% Plot

hfl = figconfg(’P0315a’);

subplot(211)

stem(n,hn,’filled’)

ylabel (’h[n]’,’fontsize’ ,LFS)

title(’Impulse Response Expression Sequence’,’fontsize’,TFS)
subplot (212)

stem(n,hnz,’filled’)

xlabel (’Time Index n’,’fontsize’,LFS)

ylabel (’h[n]’,’fontsize’ ,LFS)

title(’Sequence Computed from z-transform’,’fontsize’,TFS)
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%% Step Response:

un = 1/3%(1/4)."n - 2%(1/2)."n +8/3;

b =1;

a [1 -7/4 7/8 -1/8];

unz = filter(b,a, [1,zeros(l,length(n)-1)1);

% Plot

hf2 = figconfg(’P0315b’);

subplot (211)

stem(n,un,’filled’)

ylabel(’s[n]’,’fontsize’ ,LFS)

title(’Step Response Expression Sequence’,’fontsize’,TFS)
subplot (212)

stem(n,unz,’filled’)

xlabel(’Time Index n’,’fontsize’,LFS)
ylabel(’s[n]’,’fontsize’ ,LFS)

title(’Sequence Computed from z-transform’,’fontsize’,TFS)

Impulse Response Expression Sequence
T

l T T T T T
0.8- B
0.6 B
£
< o4- g
0.2+ I E
0 T ? (] rYy Fy Fy
0 1 2 3 4 5 6 7 8 9 10
Sequence Computed from z-transform
l T T T T T
0.8- B
0.6 B
£
< o4- g
0.2+ I E
0 T ? (] rYy Py Fy
0 1 2 3 4 5 6 7 8 9 10

Time Index n

FIGURE 3.5: MaTLAB verification of the impulse response expression obtained in
part (b).
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w

Step Response Expression Sequence
T T T T T
2

s[n]

[
»>
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w

Sequence Computed from z-transform
T

T T T
1¢- l
0
0 1 2 3 4 5 6 7

Time Index n

s[n]

ofF——o
ofF———o

10

(c).

FIGURE 3.6: MATLAB verification of the step response expression obtained in par

16. (a) Solution:

=T ROC:|z| > 1

2 1
- = . ROCiz|> -
-1 #1>3

—4 1
X(z 1— 1271 * 1— 327V 12 3
1 n
hin] = 64[n] — 4 <3> uln]
(b) Solution:
1 1
2(1 — 274
Y(2) =X(2)H(z) =
&= XD = e -
- 8 n —6
=1 _%

1
, ROC:|z| > =
PR P 12 2
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19. (a) Solution:

H(z) = Yiz) 1- i
X(z) — 22!

Imaginary Part
o
(o)
X
®

-15 -1 -05 0.5 1 15

0
Real Part

FIGURE 3.10: Pole-zero pattern of the system.

(b) Impulse response.

Pole-Zero Plot

0.8f

0.6f

hin]

0.4r

0.2f

0 T?Qo.--‘

0 5 10 15
Time Index n

FIGURE 3.11: Impulse responggn|.

(c) Comments: The pole at = % is canceled and the ROC is all the
plane. The corresponding time sequence should be of fimtgHe

(d) Solution:

H(z) = Z 27" x[n — m]

m=0
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If ROC: || > 3.7443
xz[n] = d[n] + 0.5383(3.7443)" u[n]
+2 % 6.6714 cos(0.9041n + 1.0437)(0.2067)" u[n]
If ROC: || < 0.2067
xz[n] = d[n] — 0.5383(3.7443)" u[—n — 1]
— 2 % 6.6714.c0s(0.9041n + 1.0437)(0.2067)"u[—n — 1]
If ROC: 0.2067 < |2| < 3.7443
xz[n] = d[n] — 0.5383(3.7443)" u|—n — 1]
+ 2 X 6.6714 cos(0.9041n + 1.0437)(0.2067)" u[n]

(b) Solution:

(c) tha
29. (a) Solution:

1. -1 V14 -1
X(z) _9 1 — §Z n 20 TZ
1—214081z2  /141—2"1+0.81z2

n 20
V14

z[n] = 2(0.9)" cos(won)uln| (0.9)" sin(won)uln|, coswy = g

(b) See plot below.
30. (a) Solution:

Time shifting: Y(z) = 22X (z) = ——— ROC:|z| > =
1-— 32_1 3
(b) Solution:
. 1
Scaling: Y (z) = X(2/2) = ——5— ROC:|z| > -
1-— gz_l 3
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X[n] Computed from Time Sequence Expression

[=2]

] xH N T e .

0 5 10 ) 15 20 25 30
Time Index n

FIGURE 3.24: MaTLAB verification ofx[n] expression obtained in part (a).

(c) Solution:

Convolution, time shifting and folding:
-3 1 -3
Y(2) = X(2)X(1/2)2 = 1—-3z711— %z—l 1= % + 272

1 2
ROC: = <« < =
3 <ll<3

(d) Solution:
1 1
. . 3 + 3 1
Differentiation: Y (z) = Lf’) ROC:|z| > 3
]
(e) Solution:
Linearity and time shifting:
2z 3273 22+ 3273

Y(z) = + =
(=) 1—2z71  1—2271  1—3271

1
ROC:|z| > -
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System Response Computed by Analytical Expressoin

2 T T T T T T T
1.5 R
aniiiil |
o I IR IR I AR
0 2 4 6 8 10 12 14 16 18 20
System Response Computed by Function ‘filter’
2 T T T T T T T
1.5 R
aniiiil |
o I IR IR I AR
0 2 4 6 8 10 12 14 16 18 20

Time Index n

FIGURE 3.29: MaTLAB verification of system respongén)|.

44. Solution:
YH(z) = i(y[—l] +27YH(2) + XF(2) + 3(a[-1] + 27 X (2))
YH(z) = i(z F Y () + X (2) 4300+ 2 X (2))
1 =1
Vi) = 1-— Z%z—l ijzz—1X+(Z)
Xt(z) = — ROC:|2| > 1

1 — eim/4z=1"

yln] = 1-<1> " u[n]4(3.0955—3.2416 1) )™ 4 u[n]+(—2.0955+3.2416 ) <—> Muln
% - (i) nofn]

: 1
(3.0955 — 3.2416j)eI™/*uln] + (—2.0955 + 3.2416j) (Z) uln]

Zero-input response:

zero-state response
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transient response:

% . G) Mufn] + (—2.0955 + 3.2416) <i> Muln]

steady-state response:

(3.0955 — 3.2416j)eI™/4u[n)
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Pole-Zero Plot ROC: Grey Area

Imaginary Part
o

-2 -1 0 1 2
Real Part

FIGURE 3.32: Pole-zero plot and ROC#ih| = z[—n + 2].

53. (a) Solution:

1 1
H(z) = ————, ROC: -
(Z) 1_%2_17 ‘Z’ > 2
X()—1+_71 ROC:|z| < 2
AT o e
—4/5 4/5

Y(z) = H(2)X(2)

1
= ROC: - < <2
1—2z1 1= 11U 5 <l

yln] = (%) n2"ul—n — 1] + (%) <%>nu[n]

(b) Solution:
1 -1 1
H(z) = ROC: - 3
S e g <<
1 1
X(z) = 1_7%, ROC:|z| > 3
3/20 13/5 —7/4

1
- , ROC:= < |z| <3
1—3z1 11171 - 11 3 <l

=) e ()3 o () (0o
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(c) Solution:
1 1 1
H(z) = ROC: = 2
(2) 1_%2_1+1_2z_1, 5 <2l <
1 1 1
X(2) = ROC: - 4
(Z) 1_iz_1+1—42_17 4<‘Z’<
—2/35 ~3/7 20/7
Y(z) = H(2)X(z) =
() =HEXE) =ty t s 11
—48/35

1
— ROC:- <|z] <2
1-— ZZ_I 2

54. (a) Solution:

-1
X(z) = T T ROC:|z| < |b|
-1
X(z')=——, ROC: -
(™ = 21 > [o
—b_lz_l

R..(2) =X (2)X(1/2) = A0 1) ROC: o]~ < |2| < |b|

(b) See plot below.
(c) Solution:

1-b—2 1-b—2 =1
Rea(e) = 020 T oI~ < 12| < Iy

ruall] = <%> bu[—0 — 1] + ( : f_:—2> bCull]
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59. (a) Solution:

X(z) = T S 3 ROC:+ < 2] < 2
_1—%2—1 1—22‘1_1—22—1—1—2—27 2
V()= — 5 ROC:|z| > 0.7
107271 ' '
Y (2) 20 26/35
H(z) = =224+ —+——7""__ ROC: 0.7
)= %0 S e 2 >
20 26
hin] = —=20[n + 1] + —d[n] + —=(0.7)"u[n]
7 35
(b) Solution:
~1
2 2 11 11
yln] = —505[n+1]+705[n]+<3—57> (0.9)"u[—n—1]—|—<3—57> (0.7)"u[n]
60. (a) Solution:

1 ~1 8,1 1

X(z) = = 3 ROC: =
) 1—§z—1+1—3z—1 1—- Pz 4272 g <lel<s
2 4
YE =14

C(1- 22711 — 4271y

Y (2) 319 3 -2
H(z) = B I
CO=xm -7 313" Tt

- %5[71] + gé[n -1+ <§> ~A"ul—n — 1]

ROC:|z| < 4

hin] = —24[n + 1]

=W

4

X(z) = ——, ROC:|z| > Z

2 L.l 3
Y(z) = 4 , ROC:= < |z| <4
=) (1— 3211 -4z 1) 7 <l
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V() 19 B
CX(2) 16 1—4z71

hin) = o) + <—%> APuf—n — 1]

ROC:|z| < 4

61. (a) Solution:

7 31 -1
X(z) = __g;_?i o ROC:% <2 <3
(b) Soluton:
Hey= Y& o I
X(2) 1—-2z70 1 38l-1 111
If ROC |z| > 2,

20 _, 759 /31\" 10 /1\"
hlnl = =17 -2 ”””%(ﬁ) “["]‘H@ i
IfROC 3L < |z < 2,
20 _, 759 /31\" 10 /1\"
blnl =37 2'alon =11+ 55 (5 ) alol = 57 (5) b

IfROC 3 < |2 < &,

hn] = % [ — 1] — % <%>nu[—n - % <%>nu[n]

If ROC |z| < 1,
20 _, 759 (31\" 10 /1\"
62. (a) Solution:
A1+ jz=H(1 — jz!

H(z) = (—1+j 1 ! 1 )_1

(1 52 )(1 52 t)
-2
€ o ROC: || > V2

1—2z714 5272



