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Problem No. 1:

la.:

z—transform
yln] = ayy[n — 1] + a,y[n — 2]+ x[n] + bix[n — 1] ——7=

Y(2) = a1z7Y(2) + ayz7%Y(2) + X(2) + b1z 1X(2) >

Y 14 bzt Z+b
(2) _ 1Z __Z 12 )

H(z) = =
) X(z) 1-ayz7'—ayz72 z?2-a,z—a,

We know that a causal LTI with a rational system function is stable if and only if all poles of H(z) are inside
the unit circle in the z-plane, or |p;| <1 and |p,| < 1.The poles of (1) are obtained by solving the
quadratic equation z2 — a;z — a, = 0. The results are:

a1t |a?+4a,

Pi2=—5 — 2 a=pitp, and a;=-pip;
So the conditions that a; and a; must satisfy for stability are:
|a2|: |=p1p2| = |P1||P2| <1

The condition for a; can be expressed as:

la;| <1—a,

1.b.:

1+ byz71

H(z) =
) 1—az7'—a,z~

2

When b;=0 we have:

1

-1 -2
1—az7t —ayz

H(z) =

The characteristic of the two-pole system depend on the location of the poles or, equivalently, on the
values of a; and a,. The poles of the system may be real or complex conjugate, depending on the value
of A= a? + 4a,. So there are three cases:

Real and distinct poles (a% > —4a, ):

Since p; and p, are real and p; # p, the system function can be written in this form:

A A
1 + 2
1—pz7! 1—-pyz71

H(z) =

And we have:

A = P1 A = —P2
! P1— D2 ' 2 P1— D2
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Then impulse response is:

h(n) =

(pn+1 _ pn+1)u n
=, L 2 un]

The impulse response is the difference of two decaying exponential sequences. Figure 1.1 illustrates a
graph for h[n] when the poles are p1=0.8 and p2=0.1.

The impulse response - Two real distinct pole - p1 =08, p2=0.1
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Real and equal poles (a? = —4a, ):

In this case we have p; = p2 = p = a1/2. So the system function is:
1
(1-pzt)?

And the impulse response is:

H(z) =

h[n] = (n + V)p™u[n]

In this situation h[n] is the product of a ramp sequence and a real decaying exponential sequence. Figure
1.2 illustrates a graph for h[n] when the poles are p1=p2=0.1.

Complex-Conjugate poles (a% < —4a,):
As the poles are complex-conjugate the system function can be written in this form:

A 4 A* _ A 4 A*
1—pz=! 1—p'z7l 1—re/®z1 1—reJj@wz-1

H(z) =
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The impulse response - Real and equal poles - p=0.8
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Fig 1.2

And we have

p =rel® O<wy<m

As the poles are complex conjugate, the parameters a1 and a; are related to r and w according to
a; = 2r cos wy

a, = r?

And also the parameter of A in partial fraction equals to:

p rej(‘)o eij

Cp—p* r(e/® —eJ®)  j2sinw,
So impulse response equals to:
TTL

hin] = —
sin wy

sin[n + 1] wou[n]

When r<1 then h[n] is oscillating with an exponentially decaying envelope. In this situation, the angle w,
of the poles determines the frequency of oscillation and the distance r of the poles from the origin
determines the rate of decay (Fig 1.3).
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The impulse response - Complex-Conjugate poles - r= 0.9 and w = pif&
1
T T T T

08 —

06— —

04 -

hin
o
o &
T
—a
—e
—o
—a
—so
lo
—o
—e
o
o
5]
lo
Le
5]
5]

02 i
04l 4
061 -
o8 | I I I I I I
0 5 10 15 o 5 ET ES a0
n
Fig (1.3)

When r becomes close to unit circle the decaying is slow. When it is on the unit circle it is oscillating
(Fig1.4).

The impulse response - Complex-Conjugate poles - r=1 and wl = pi/s
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Fig (1.4)

When it is outside the unit circle the magnitude of oscillation is increasing (Fig 1.5).
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The impulse response - Complex-Conjugate poles - r= 1.2 and wi = pi/B
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Fig 1.5.

(c)
Y(z) 1+ bzt z? + bz

H(z) =

X(z) 1—azl—a,z2 z2—a;z—a,

The zeroes of the system function are z=0 and z=-b;. The zeros of the system function introduce a
constant scaling factor and a constant phase shift. It is also create valleys in the plot. A plot of the
locations of the poles and zeroes in the z-plane for b; = 0.9, a;= 0.4 and a,=-0.8 and its impulse response
are illustrated in 1.6.

Fig (1.6)
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As it is explained in 1.b when poles are close to unit circle the exponential is decaying slow and when the
poles are close to origin the exponential is decaying fast. This behavior is depicted in 1.7 in comparison
with 1.6. As you can see the poles are closer to origin and the exponential is decaying faster.

The zero-poles plot - Complex-Conjugate poles - b1 =-0.9, a1=0.1 and a2 = -0.5
T T T T

The impulse respanse - Complex-Conjugate poles - b1 =-0.9, a1=0.1 and a2 =-0.5
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Problem No. 2:

2.a.:

x1[n]=0.5x[n-1] =>

x2[n]=x[n] + x1[n]=x[n] + 0.5x[n-1] =>
x3[n]=0.25x1[n-1]=0.125x[n-2] =>
y[n] = x2[n] + x3[n] =>

y[n] = x[n] + 0.5x[n-1]+ 0.125x[n-2] (2)

Convolution Definition:

y[n] = Z x[kJh[n—k]. —w<n< o =>

From (1) and (2):
h[0]=1, h[1]=1/2,h[2]=1/8 =>

h[n]=[11/2 1/8]

2.b.:

z-transform of (1) =>

1 1
Y(2) = X(2) + 57 1X(2) + 3% 2X(2) >
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Problem No. 3:

3.a.:

X(e/®) = ¥r o x[n]e /o =>
X(e/?) = 7@ + 2730 =>

X(e/®) = e /@ 4 2¢73@ @)

F
w=2nf =2n—=nF (2)
Fs

From (1) and (2):

X(F) = e /™ 4 2¢737F
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The Fourier transform of X which is periodic with fundamental frequency of 2 Hz is shown in Fig 3.1.

X(F)
E
T

Fig. 3.1

3.b.

For discrete and periodic signals DTFS equals:

ol
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For example we have:

3
CO E
1/ _2¢ _ibm
cl—E(e 10 + 2e ’10)
1/ _i4n _jlzm
CZ:E<8 J70 + ¢ ]10)
1/ _6m _ji8m
C3:E<e I70 + ¢ ]10)

1, st _.s4m
69=E<8110 +3110)

Or

c=[0.3000 0.0191-0.2490i -0.1309 +0.0225i 0.1309 +0.0225i -0.0191 - 0.2490i

-0.3000 -0.0191 +0.2490i 0.1309 - 0.0225i -0.1309 - 0.0225i 0.0191 + 0.2490i]

Problern No3 b

02

015

01

Fig 3.2

The plot of DTFS of x[n] is illustrated in Fig 3.2. As you can see the DTFT is continuous and periodic signal
but DTFS is discrete and periodic signal.

3.c.

For discrete and periodic signals DTFS equals:
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Ck —% x[n]e_JZWnkn =>
n=0
1 i 21
Cx = gz x[nle T =>
n=0

For example we have:

3
Co—g
1/ _2n  _en
cl—g(eJS +2e15>
1/ _an  _am
cz—g(eJS +e]5>
1, _.6m 18w
c3=§(e’5 +e’5>
1, _.18m _.54m
c4—§(e’5 +e’5>

Puchiim Med ¢

Fig 3.3
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The plot of DTFS of x[n] is illustrated in Fig 3.3. As you can see the DTFT is continuous and periodic signal
but we should consider the fact that in this case the period of signal is N=5. However in 3.b the period of

signal is N=10.
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Problem No. 4:

(a)

y[n] = x[klh[n—k]. —owo<n< o =>
k=z—oo

y[n] = hlklx[n—k]. —oco<n< o
2

y[n] = h[-2]x[n + 2] + h[—1]x[n + 1] + h[0]x[n] + A[1]x[n — 1] + A[2]x[n — 2] =>

ylnl=x[n+2]+2x[n+ 1] —x[n—1] - 2x[n—2] =>

o 1 ?
Y Yy
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(b)

y[n] = x[k]lh[n —k]. —oo<n< o =>
2.

Folding x[n] and sliding through h[n] =>

h(n] 1 -1
h(n] -2 -1 0 2 1
-2 -1 0 2 1
-2 -1 0 2
-2 -1 0
-2 -1
-2
=>

ylnl=[11-2-1-12]
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