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State-Space Descriptions of Systems

Recall the Direct-Form Il realization of a discrete-time system:
3 3

Y = - Y ayn-R+ Y bx(n-K
k=1 k=0

x(n) bo y(n)
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Recall we can write this difference equation as:
3

3
v(n) = — z a v(n—K +x(n) y(n) = Z b .v(n—K
k=1 k=0

Using v(n) as an intermediate set of variables, we can write:
vi(n+1) = vy(n)
Vo(n+1) = vy(n)
va(n+1) = —a3v1(n) —a,Vy(N) —ayv(n) + x(n)
and,

y(n) = bgvs(n+ 1) +bgv,(n) +byvy(n) +byvg(n)

= (bg —byag)V(n) + (by — byay)Vy(n) + (by —byag )va(n) +byx()
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Matrix Forms For State-Space Descriptions

Why a matrix formulation?

vy(n+1) o 1 o[V
Vo(n+1) =1 0 0 1]|vyn)
va(n+1) —83 =8 741/ lv,(n)

+ | o[ X(n)

_vl(n)_

y(n) = [(b3 —bgag) (by —byas) (b, - bOal)} Vo(n)| +boX(n)

Is the ONLY formulation for this system?

_V3( n)_

How does this formulation compare to the analog version?

In the general case, we have:
v(n+1) = Fy(n) +gx(n

_t_
y(n) = g v(n) +dx(n)
{v;(n)} are called state variables.

0 1 o | 0
0 0 1 0
F=1.. da=1|o
0 0
ey —By_q - 8y Ay 1)
by, —bgay,
by _1—bpan 1
g = d = bo
b, —bya,
b, —bjya,

F, Q, g, and d are CONSTANTS and define the properties of the system.
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General State-Space Descriptions
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* This multichannel signal flow graph describes ALL linear time-invariant
systems. Why is such a model useful?

* What are possible alternate choices for the state variables?

* Note than an N-dimensional differential (or difference) equation can be
rewritten as N first-order equations.

Solutions of the State-Space Equations

For the initial condition, ¥(n),
n-1
n—n —-1-—
W =F Mg+ S FM 1 Kaxi
k=n,
where, F0 IS an identity matrix, F2 is the product of F and F, and

d(i—j) = Fi - . With these definitions, the output is given by:

n-1

Y = gon-nung + g e(n-1-kax(K +dx1)

n=n,
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Solutions of the State-Space Equations (cont.)

For zero-input:

_t _
Y,i(n) = g P(n—ny¥(ny)
this is the response due to the initial conditions.

The zero-state response (no initial conditions) is:
n-1
t _
y,{n) = Z g ®(n-1-kK)gx(k +dxn

n=n,

Note that the total response is the sum of these two.
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Relationships Between I/O and State-Space Descriptions

Let ¥(n) = Py(r) and ¥(n) = P ¥(n). By substituting into the state-space
equations, we can derive an alternate formulation:
Pv(n+1) = PFv(n) + Pgx(n)

Noting that \:/(n +1) = Py(n+1) and v(n) = P_l\:/(n), we can write
Un+1) = (PFP )N + (Pa)X()
Define a new system matrix:
E = PFP

By choosing P so that F is diagonal, we can simply the system
considerably. We can do this using eigenvalues and eigenvectors:

A O 0
-1 0 )\2 ... 0

00 .. )y

(Another boring review follows - but try doing this on a computer!)
FO = AQ (O are eigenvectors)

(F-Al)u =0

det(F-Al) =0
This yields the characteristic polynomial whose roots, {A;} are the
eigenvalues of F. For each root A,, we have:
Define the eigenvector matrix:

U= 0,0, ... 0y
E=U"FU

This defines a procedure to diagonalize F. Importance? How does this
relate to random signals and signal models?

(another obscure speech processing reference!)
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State-Space Analysis in the Z-Domain

Why? Analogous to what in the analog case?
Recall,

v(n+1) = Fy(n) +gx(n
In the z-transform domain:

zM(2 = FV(2 +aX(2
Solving for V(2):

— _1_

V(@ = (21 -F) "aX(3
Next, we work on the output:

_t_
y(n) = g v(n) +dx(n)

Y(2 = [0z -F) g+ dIX(@
Hence,

<
AP

(
(

tz (Fn—lz—n)q_'_d
n=1

= g'(z1 -F) g+ d

H(2)

X
o

I
«

Hence, properties of H(z) are closely related to properties of F. For
example, eigenvalues of F are roots of H(z). What does this say about the
relationship of eigenvalues and poles?
State-space descriptions are used primarily in three areas:

» Theoretical studies of DSP systems (research)

» Numerical solutions of Linear systems

* Multiple Input/Multiple Output Systems
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