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Frequency-Domain Sampling
Recall the Fourier transform of an aperiodic discrete-time signal:

(o¢]

X(w) = Z x(n)e_j(’on

n=—oo
Evaluate this at equidistant samples w = 2W"k:
21 - _jzﬁnkn
X(Wk)z Z x(n)e : k=0122..,N-1
n=—oo
The summation can be subdivided:
2 o 21k N 21k
.\ _ —j21kn/ N —j21kn/ N
—k) = + +
X(N K) = ... Z x(n)e Z x(n)e
n=-N n=0
2N -1 _
+ Z X(n)e—jZTIKI’]/ N v
n=N
o IN+N-1 _
= Z Z x(n)e_JZHkW'\I k=012.. N-1
| =— n=IN

If we interchange the summations:

N—-1- o _
X = S { S x(n—IN)}e_JZT[kn/N
n=04 =—o

The signal

[e0]

Xp(N) = Z x(n— IN)

| = —o0

Is obtained by the periodic repetition of x(n) every N samples. Its Fourier
Series is given by:

N-1 N-1

_ j2rkn/ N _1 —j2mkn/ N
Xp(N) = Z c e and % = N Z xp(n)e
n=0 n=0
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Reconstruction from the Fourier Transform

Since xp(n) is the periodic reconstruction of x(n),
x(n)=xp(n), O<ns<N-1

ONLY when N> L:
X(n) Xp(N)

JTH(')TTHHT,

If N <L, we have time-domain aliasing. '
0

0 L n

Assuming N> L,

1

N —
() = Y XGe
k=0

We can write the Fourier transform in terms of X(gl\]TTk):

N-1 lN—1 5 )
T\ j21kn/ N| —jwn
Xw=55Y X(Wk)ej e
n=0- k=0
This can be simplified to:
1
21T

N —
X@=y X(ZW]TK)P(oo—Nk), N> L
k=0

where
_ SiIn(wWN/2) —jw(N-1)/2
P@) = Ssin(w/2)®

What is the significance of this equation?
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Frequency Domain Interpolation Via Zero-Padding
Suppose x(n) = 0 forn<0 and n= L. Let us define xp(n):
<n<L-
X () = Xx(n), O<n<L-1
P Ep L<n<N-1
We define the discrete Fourier transform (DFT) of x(n) as:
N-1 _
CERY x(ne 2 VN 201 2. N-1
n=0
and the inverse discrete Fourier transform (IDFT):
N-1 _
=y xRe 2™ VN h 012, N-1
n=0
Clearly, if L<N, x(n) = 0for L<ns<N-1.
Important questions:
What is the meaning of life?
Why N » L?
Example: f; = 999.0 Hz, f, = 1199.0 Hz, f = 8000.0 Hz
N=64 N=128 N=256
60.0 : - 60.0 60.0
50.0¢
40.0¢ 1 40.0¢ 140.0}
30.0¢
20.0¢ 1 20.0¢ 1 20.0}
10.0‘-
0.0 0.0 0.0
0 0 1K 2K 0 1K 2K

/-
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The DFT as a Linear Transformation

We can rewrite the DFT as follows:

N-1
XK=y xWK'  k=01..,N-1
n=0

N-1
Xm =y XRHW"  n=01..,N-1
n=0

j2r/N

where W = e , Which is an Nth root of unity.

We can express the DFT as a matrix operation by defining:

- x(0) | - X() |
v = | Xy = | X
W(N=1) X(N-1)
11 1. 1
1wy WS . owy Tl
Wy =1l1 wd  owyo o wiih Y
1 wy WZN(N.‘l) Wﬁ\,'\".ll).(“‘l)

and rewriting the DFT as:

Xn = WhXn
and the inverse DFT as:
- WX
XN = WN AN

\
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DFT Matrix Operations

Note that, given our definition of W\, the IDFT can be expressed as:

_ 1
Therefore, we can equate IDFT equations and write:

which, in turn, implies that
WNWE|\| = NIy

where | is an NxN identity matrix.

Therefore, the matrix W\ is an orthogonal (unitary) matrix, and its inverse

exists.

More important questions:

If a tree falls in the forest...

Is WN redundant?

Can we simply the number of computations required for X, ?

/.
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