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ELECTRICAL AND COMPUTER ENGINEERING

Properties of the Fourier Transform for Discrete-Time Signals

The Fourier transform for aperiodic finite-energy discrete-time signals is
defined as:

.

The inverse transform is defined as:

Notes:

•  is periodic with period

• Usually we plot the spectrum for the interval
(  or  for real signals).

We refer to  and  as a Fourier transform pair:

X ω( ) F x n( )[ ]≡ x n( )e
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n ∞–=

∞
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Symmetry Properties of the Fourier Transform

Suppose that and are complex-valued. They can be expressed in
rectangular form:

By noting that , we can show:

and,

These equations form the basis for our exploration of symmetry properties.

x n( ) X ω( )

x n( ) xR n( ) jxI n( )+=

X ω( ) XR ω( ) jXI ω( )+=

e
jω ωcos j ωsin+=

XR ω( ) xR n( ) ωncos xI n( ) ωnsin+[ ]
n ∞–=

∞

∑=

XI ω( ) xR n( ) ωnsin xI n( ) ωncos–[ ]
n ∞–=

∞

∑–=

xR n( )
1

2π
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Real Signals:

Real/Imaginary Symmetry:

Magnitude/Phase Symmetry:

Real and Even:

Real and Odd:

XR ω( ) x n( ) ωncos

n ∞–=

∞

∑=

XI ω( ) x n( ) ωnsin

n ∞–=

∞

∑–=

XR ω–( ) XR ω( )= even( )

XI ω–( ) XI ω( )–= odd( )

X ω( ) X ω–( )= even( )

X∠ ω–( ) X∠ ω( )–= odd( )

XR ω( ) x 0( ) 2 x n( ) ωncos

n 1=

∞

∑+=

XI ω( ) 0=

XR ω( ) 0=

XI ω( ) 2– x n( ) ωsin n

n 1=

∞

∑=
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Even/Odd Decomposition:

A complex signal can be decomposed into:

where:

Example:

 is real and even:

x n( ) xe n( ) xo n( )+=

xe n( )
1
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

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∞

∑+
 
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Linearity:

Time Shifting:

Convolution:

Correlation:

F
x1 n( ) X1 ω( )→

F
x2 n( ) X2 ω( )→

F
a1x

1
n( ) a2x

2
n( )+ a1X

1
ω( ) a2X

2
ω( )+→

F
x n( ) X ω( )→

F
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jωk–

X ω( )→

F
x1 n( ) X1 ω( )→

F
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F
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F
x1 n( ) X1 ω( )→

F
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Weiner—Khintchine Theorem (for real ):

Frequency Shifting:

Modulation:

Parseval’s Theorem:

x n( )

F
r xx m( ) x n( ) x n( )⊗=( ) Sxx ω( )→

F
x n( ) X ω( )→

F

e
jω0nx n( ) X ω ω0–( )→

F
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F
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1
2
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1
2
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F
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F
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∞

∑ 1
2π
------ X1 ω( )X2
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π–

π
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Multiplication (Windowing):

Differentiation in the Frequency Domain:

F
x1 n( ) X1 ω( )→

F
x2 n( ) X2 ω( )→

F
x3 n( ) x1 n( )x2 n( )≡ X3 ω( )→ 1

2π
------ X1 λ( )X2 ω λ–( ) ωd

π–

π

∫=

F
x n( ) X ω( )→

F
nx n( ) j

ωd
d

X ω( )→


