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The One-Sided Z-Transform

The one-sided or unilateral z-transform is defined by
+ - -n
X' (2= z x(n)z
n=0

Other notations used are Z+{ x(n)} and

+
y4

X(n) -——» X+(Z)

The one-sided differs from the two-sided z-transform only in the lower limit.
This results in the following characteristics that are different from the
two-sided transform:

(1) It does not contain information about the signal for negative values of
time (n<0).

(2) It is unique only for causal signals.

(3) The one-sided z-transform is identical to the two-sided transform of

x+(n) = X(n)u(n). The ROC of its transform is always the exterior of a
circle.
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Examples:

(M) ={1,2570Q1%

Xo(n) ={1,25,7,0 1

X3(n)={010al257;01

X4(n) ={2,4,57,0 1

Xg(n) = 3(n)

Xg(nN) = d(n—K)

X-(n) = d(n+K)

XI(Z) = 1427 457 % +T77 47

XZ(Z) =547 470

X;(z) = 724275457 4722+

XZ(Z) =547 470

Xe(2) = 1
X;(z) = 7K
X3(2) = 0

Note that X,(n) # x,(n) but X;(z) = XZ(Z) (obviously!).
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The Shifting Property of the One-Sided Transform

Time Delay:

If:

+

z

+
X(n --—— X (2
then
z K
—k +
x(n—K <-——» 7 {X 2+ z X(—n)zn} k>0
n=1

for causal signals,

Proof:

-1 00

Z {x(n—K} = z S x()Z ™ + S x(I)z_I}
L =k =0

-k

= 7K S x(I)z_I+X+(z)}

=1

k
z_k{ z x(-nz" + X+(z)}
n=1

Time Advance:

n=

S . k-t )
X(n+ K -——> Zk{x (2) - Z X(n)z n} k>0
0
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Example:

x(n) = anu(n)

X' = ———

x(n) =a'

X" = 77X (@ + x(1) 2 + x(=2)2]
= 72X @) + x(~1)Z L+ x(-2)
2
=2 _+alz+a’
l-az

Note the presence of only two terms from the n< 0 component.
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Final Value Theorem

lim x(n) = Iiml(z—l)X+(z)

n- o Z -

Example:
x(n) = u(n)

h(n) = a"u(n)
What is the value of the outputas n - «©?

1 1 2

1~ (z-1)(z-9)

Y(2 =

1—az_11—z_

Applying the final value theorem:

2
_ Z
(Z_l)Y(a - (Z— a)
: : 7 1
R e e
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Using the One-Sided Transform
To Solve
Difference Equations With Initial Conditions

Example:
y(n) = y(n—-1) +y(n-2) y-1)=0,y(-2) =1
Y@ = Z'[y(n-1)] + Z [y(n-2)]
= [ZY @D +yD)] +[2Y @ + YD) + y(-1)Z ]
or,

Y @I1-2"-77] = y(-1) + y(-2)

1

-1 =
1-z -2z

Y2 =

from this, we can find the impulse response as:

+1 + +
v = 20 1 5 13"

52

Example:
x(n) = u(n)

y(n) = ay(n—1) + x(n) y-1) =1

Y@ = alz Y @ +y-D]+ X' @
or,

Y+(z)[1—az_1] = a(l) + 1_1
1-z
Vg = —2—+ 1
1-az~ (1-7Y(1-azh

therefore,

v = ——(1-a""%u(m
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