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The Fourier Series of a Continuous-Time Periodic Signal
Define:

o0

x(t) = Z c e

K=—o

J2TKF ot

where F, = 'ITl;) is the fundamental frequency (period).

The coefficients, ¢, , can be shown to be given by the following expression:

1 —] 21K Fpt
C = TIOJ’x(t)e dt

Ty

The signal x(t) can be EXACTLY recovered from these coefficients using
the above definition.

The Dirichlet conditions guarantee convergence at every value of x(t)

except at values of t for which x(t) is discontinuous (in which case it
converges to the average value). The Dirichlet conditions are:

1. The signal has a finite number of finite discontinuities in any period.

2. The signal has a finite number of maxima and minima during any
period..

3. The signal is absolutely integrable in any period:

00

J’ IX(t)|dt < oo,

What is the utility of this representation?
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In general, Fourier coefficients are complex:

¢ = [ey ejek

For periodic signals that are real, ¢, and c_, are complex conjugates.
In this case, we may write the Fourier series as:

X(t) = co+2 Z |y cos(2mkFot + 6, )
k=1

what is the meaning of ¢, ?

We may also write the above expression as:

o0

X(t) = ag+ Z (a cos(21kFyt) — by sin(2TkFt))
k=1

where

aO: CO

a = 2|ck| CosB,,

o
s
1

2|ck| sinB,

k ELECTRICAL AND COMPUTER ENGINEERING ‘




SEPTEMBER 23, 1996 EE 4773/6773: LECTURE NO. 15

PAGE 3 of 7

The Power Density Spectrum of Periodic Signals:

A periodic signal has infinite energy and a finite average power defined as:

_ 1 2
P, = T—;)T[|x(t)| d
p

JZHkFOﬂ]

= T[ X(1) D Z %Dlt

This can be shown to simplify to:

- 2
Py= D I
K =—c0
If the periodic signal is real:
i 2
P, = Cp+2 Z |ck|
k=1
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Example:
A A
- T T |
—T T
p E E p
T,/2
_ 1 _ At
Co Tp x(Hdt = T
. P
. 1.
Define Fo =5
p
T,/2
—j21kF,t
C = 1 Ae 1Tt
T
P12
SINTIKFAT
el Suiiall K= +1+2
TIo nkFor

Note that this is a LINE SPECTRUM with a sinc function envelope. Zero

crossings occur atk = I?.

What happens if | increase 1? increase Tp?
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Frequency Analysis of Continuous-Time Aperiodic Signals:
The Fourier Transform

Analysis:

—j 2mft

X(f) = [ x(9e e

Synthesis (Inversion):
X(t) = J’X(f)ejzmtdf

A Fourier transform is guaranteed to exist if the Dirichlet conditions hold:
1. The signal has a finite number of finite discontinuities.
2. The signal has a finite number of maxima and minima.
3. The signal is absolutely integrable:

00

[ X9ldt <co.
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Energy Density Spectrum of Aperiodic Slgnals

Let x(t) be any finite energy signal with a Fourier transform X(f).

Its energy is:

00

E, = | Ix() %t

Note that:

o0

E, = | Ix(H)] %t

00

J’ X(H) X" (t)dt

© | 0
[ x5 [ X" (F)e ™ drbht
o o 0

J’x*(f) J'x(t)e‘jzmtdt df

(o¢]

= IX*(f)X(f)df

(e¢]

J’IX(f)Ide
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Therefore, we have Parseval’s relation for aperiodic, finite energy signals:

[ee] [¢e]

E, = J'|x(t)|2dt = J'|X(f)|2df

We define the energy density spectrum of x(t) as:

_ 2
SXX - |X( f)|

Note: a real function, no phase information.

Example:
{ A, It <1/2
X =1 o  |f>1/2
_ sinTft
X(f) = AT —

Note: zero crossings every 1/1.

Question(s): (a) Suppose | shift x(t) forward by 1/2, what happens to
its energy density?

(b) Suppose | increase T, what happens to X(f)?
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