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Problem No. 1: Classification of Signals and Systems

Consider the signal and system shown below.  The system is characterized by an input /output relation.  Think of it as follows: when you apply a voltage for the first time, the output starts at zero volts.  As you increase the voltage, the output increases as shown on part A of the curve until you reach a maximum.  As you subsequently decrease the voltage, the output drops along curve B.  As you continue to decrease the voltage, the output varies along curve C, etc.  As you continue to cycle the voltage, the output never returns to curve A, but remains in the cycle B,C,D.  You might consider this a simple model of a magnet.
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           x(t)  (volts)                                                                                                    


                                (seconds)                                   


( a ) Classify the system using as many concepts discussed in Chapters 1-3 as possible.       

        Be sure to justify your answer—answers with no justification get no credit. 

Solution:  1.  The response to the system does not depend on future values of the input,              

          therefore, the system is said to be causal, or non-anticipatory.  A few good        

          tips for identifying causality in a system is to look for any ‘x(t + A)’ terms, 

          where A is a constant.  This implies that the that the input, x(t), begins 

          before t = 0, which means that the system is non-causal.  Also, terms that 

          involve t2 usually result in a system being non-causal.  The methods  

          mentioned above are for quick analysis, the sure way to test for causality

          is to see if 

([x1(t)] = ([x2(t)]     for t ( to.

               Stated another way, if the difference between two inputs is zero for t ( to,      

           the difference between the respective outputs must be zero for t( to if the

           system is causal. 

2.  The output of the system depends on past as well as present values of the                                                                                                                 

      input.  This means that the system has memory and is said to be dynamic.

      A system that depends only on the present is said to be non-dynamic, or

      instantaneous.  Systems described by differential equations are dynamic.

3.  The system is also non-linear.  To prove this we must use superposition, 

      which states:

([(1x1(t) + (2(2(t)] = (1([x1(t)] + (2([x2(t)]

                                                            = (1y1(t) + (2y2(t).

     If the input contains a constant, the system is nonlinear.  The same goes 

     for an input containing the variable t raised to a power. 

4.  The system has continuous-amplitude.  This means that it is defined at 

     every point in amplitude.

5.  The system has continuous-time.  This means that it is defined at every 

     point in time.

( b ) Represent the input signal, x(t), as a combination of singularity functions.

The input, x(t), can be represented by the following equation:

x(t) = 2r(t) – 4r(t – 0.5) + 2r(t – 1) + u(t – 1) – u(t – 2).


                          1                     2                               3                4

In order to effectively and quickly write the waveform in terms of singularity functions, break it up into pieces and write an equation for each piece.  The r(t) represents a ramp.  The 2 in front of it is the slope of the ramp, 1/0.5.  A positive slope is represented by a positive constant and in contrast, a negative slope is represented by a negative constant. The second term, 4r(t – 0.5) is a combination of  –2r(t – 0.5), which terminates the positive slope, and 

–2r(t – 0.5), which begins the negative ramp.  The third term terminates the negative ramp while the fourth starts a unit step, represented by u(t).  The final term terminates the step at t = 2 seconds.

( c ) Compute  the power and energy of the input signal.

                 The input signal, x(t), is an aperiodic signal, which means that its not a power         

                 signal.  Hence, its power is 0W.  This means that the signal is either energy or       

                 neither energy nor power.  To test if it is an energy signal, look at the input to 

                 see if  0 ( E ( (, so that P = 0.  If it meets the requirements, use the following

                 equation to calculate its energy in joules:

           T

E ( lim t(( (  ( x(t)(2 dt.

    -T

                 The period, T, is the amount of time that it takes to waveform to make one 

                 complete cycle.  In this problem, the period is 2 seconds, so the limits of 

                 integration are from –2 to 2.  Once again it is easiest to deal with the waveform

                 if it is broken into pieces.  For the ramp, with slopes –2 and 2, x(t) = 2t.  For 

                 the unit step, the slope is 1, therefore, the x(t) = 1.

                                                0.5                 1                   2 

E = ( (2t(2 dt + ( (2t(2 dt +  ((1(2 dt

                                                0                    0.5                  1

                                             = 0.167 + 1.167 + 1

                                          E = 2.33 Joules

( d ) Compute the DC value of the input signal.

                 The DC value of this signal is 0.  This is due to the fact that the signal is 

                 aperiodic and the DC value of an aperiodic signal is 0.

Problem No. 2: Time-Domain Solutions

Consider the signal and system (described by its impulse response) shown below.
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( a ) Compute the output, y(t), for the system shown above:

                 We can find the output of the system by using convolution, which will be 

                  demonstrated graphically below.



      1.  The first step is to flip h(t) while leaving x(t) fixed.  As shown below, 

                        h(t) flipped is simply itself since it is symmetric about t = 0.
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                    2.  Step 2 is to take h(t) and move it back in time so that any portion of the

                          the waveform does not touch x(t).
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                    3.  Step 3 is to start sliding h(t) to the right.  A quick tip to define the 

                         beginning of y(t) is to take the starting point of both waveforms and add

                         them together.  The same can be done to find the end of y(t).  This tells

                         that the output will begin at t = -3 and end at t = 3.  Another tip so that

                         you can check yourself while working the problem is that the convolution

                         of two signals consisting of square-type waveforms will result in a ramp

                         type output.  

                     4.  The fourth step is to start looking for critical points as h(t) is swept

                          across x(t).   The first critical point is when h(t) touches x(t) at t = -1.

                          At this point, the output will start on a downward ramp with a slope of

                          1.  It will go downward to an amplitude of  -1 since the amplitude of x(t)  

                          is 1 and –1.  Then it will start an upward ramp with a slope of 2.  The 

                          slope of this portion of the output is positive because at that point on 

                          x(t), the amplitude is going positive.  The slope is 2 because the change

                          in amplitude on x(t) is 2.  So up to the point t = -1 on y(t), we have  
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                      5.  The waveform h(t) is now shifted here,
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                          As h(t) gets shifted to the right 1 more second, the first portion of  h(t)

                          will be clear of x(t).  At that point, the output will look like this

                                               [image: image7.wmf]0

0

y

(

)

t

t


                    6.   The second portion of the waveform h(t) is a mirror image of the first,

                          therefore, the output in the above waveform, y(t), should repeat itself.
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                          The above waveform, y(t), is the result of x(t)*h(t), which means, x(t)

                          convolved with h(t).

( b ) Is the system causal? Explain?

                          The system is non-causal.  This is because the output, y(t), begins before

                          the input, x(t).  You can see this by looking at the graphs above. 

Problem No. 3: Fourier Series

One period of a periodic signal is shown below:                                                               
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( a ) Using symmetry arguments, explain which Fourier coefficients of the trigonometric

        Fourier series will be zero({an} and {bn}).

                         The period of the input, x(t), is 0.04sec.  This period gives a fundamental

                         frequency of  (0 = 1/T = 25Hz.  The filter removes all frequencies above 

                         30Hz, so only the first harmonics (a1,b1) make it through the filter.  But, 

                         due to the input having half-wave even symmetry, all bn’s are zero and all

                         an’s are zero for n = even.  This means that only a1 is non-zero, as well as 

                         a0, which is the DC value of the waveform.  

                                to+T                                                    .01                                 .03                                .04 

bn = 2/T (  x(t)sin(n(0t)dt = 2/0.04(( 2sin(50(t)dt + ( sin(50(t)dt + ( 2sin(50(t)dt(
                     to                                                        0                                    .01                                .03

                                                              .01                                             .03                                                .04    

                              = 50[ 2(-cos(50(t))]( + 50[ (-cos(50(t))]( + 50[ 2(-cos(50(t))](
                                                                                             0                                                .01                                                .03

                              = -100 – (-100) – 50 – (-50) – 100 – (-100)

                              = 0

                          to+T                                                    .01                                     .03                                   .04 

a2 = 2/T (  x(t)cos(n(0t)dt = 2/0.04(( 2cos(100(t)dt + ( cos(100(t)dt + ( 2cos(100(t)dt(
                 to                                                         0                                       .01                                   .03

                                                                                           .01                                             .03                                                 .04    

                              = 50[ 2(sin(100(t))]( + 50[ (sin(100(t))]( + 50[ 2(sin(100(t))](
                                                                                             0                                              .01                                                 .03

                              = 100sin(() + 100sin(0) + 50sin(3() + 50sin(() + 100sin(4() +

                                      100sin(3()

                          a2 = 0 = aeven

( b ) Compute the first term in the trigonometric Fourier series, a0.

                                                 to+T                              .01            .03             .04 

a0 = 1/T (  x(t)dt = 1/0.04( ( 2dt + ( 1dt + ( 2dt (
                                                to                                    0              .01            .03

                                                              = 1/0.04(0.02 + 0.02 + 0.02(
                                                              = 0.06/0.04

                                                                   a0 = 1.5

( c ) Compute the remaining coefficients of the trigonometric Fourier series.

                                               to+T                                                     .01                                      .02                                

an = 2/T (  x(t)cos(n(0t)dt = 4/0.04(( 2cos(50(nt)dt + ( cos(50(nt)dt]

                                to                                                         0                                       .01                                

                                                                                                            .01                                .02                                

= 100( 2sin(50(n)t( + sin(50(nt)t(]

                                                                      50n(          0              50n(       .01
= 100(  1   sin((n)  +  1   sin(50(n)]

                                                               50n(         2          50n(       
                                       an =  2        ( sin((n)  +  sin(50(n)]

                                                    n(                       2

( d ) Compute the power of the output signal, y(t).

                       First of all, we know that this is a power signal because it is periodic.        

                       Next, we must use Parseval’s theorem to compute the power.  We know



           Yo already but we must calculate Yn, which is equal to a1 due to the filter.

                              to+T                                                     .01                                   .03                                .04 

a1 = 2/T (  x(t)cos(n(0t)dt = 2/0.04(( 2cos(50(t)dt + ( cos(50(t)dt + ( 2cos(50(t)dt(
                    to                                                         0                                    .01                                .03

                                                 = 2/( - 2/( + 2/(
                                            a1  = 2/(  = Yn
                                            a0 = 1.5 = Y0
 Pav = 2( (Yn(2 + Y02

                                                             = 2(2/()2 + (3/2)2

                                                       Pav = 3.061 Watts 

                       It was convenient that in the formula above we have already calculated Yn        

                       and Y0.
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.MCAD 304020000 1 74 15 0

.CMD PLOTFORMAT

0 0 1 1 1 0 0 1 1 

0 0 1 1 1 0 0 1 1 

0 1 0 0 1 1 NO-TRACE-STRING

0 2 1 0 1 1 NO-TRACE-STRING

0 3 2 0 1 1 NO-TRACE-STRING

0 4 3 0 1 1 NO-TRACE-STRING

0 1 4 0 1 1 NO-TRACE-STRING

0 2 5 0 1 1 NO-TRACE-STRING

0 3 6 0 1 1 NO-TRACE-STRING

0 4 0 0 1 1 NO-TRACE-STRING

0 1 1 0 1 1 NO-TRACE-STRING

0 2 2 0 1 1 NO-TRACE-STRING

0 3 3 0 1 1 NO-TRACE-STRING

0 4 4 0 1 1 NO-TRACE-STRING

0 1 5 0 1 1 NO-TRACE-STRING

0 2 6 0 1 1 NO-TRACE-STRING

0 3 0 0 1 1 NO-TRACE-STRING

0 4 1 0 1 1 NO-TRACE-STRING

0 1 1 21 15 0 0 3 

.CMD FORMAT  rd=d ct=10 im=i et=3 zt=15 pr=3 mass length time charge temperature tr=0 vm=1

.CMD SET ORIGIN 0

.CMD SET TOL 0.001000000000000

.CMD SET PRNCOLWIDTH 8

.CMD SET PRNPRECISION 4

.CMD PRINT_SETUP 1.200000 1.218750 0.000000 0.000000 0

.CMD HEADER_FOOTER 1 1 *empty* *empty* *empty* 0 1 *empty* *empty* *empty*

.CMD HEADER_FOOTER_FONT fontID=14 family=Arial points=10 bold=0 italic=0 underline=0 colrid=-1

.CMD HEADER_FOOTER_FONT fontID=15 family=Arial points=10 bold=0 italic=0 underline=0 colrid=-1

.CMD DEFAULT_TEXT_PARPROPS 0 0 0

.CMD DEFINE_FONTSTYLE_NAME fontID=0 name=Variables

.CMD DEFINE_FONTSTYLE_NAME fontID=1 name=Constants

.CMD DEFINE_FONTSTYLE_NAME fontID=2 name=Text

.CMD DEFINE_FONTSTYLE_NAME fontID=4 name=User^1

.CMD DEFINE_FONTSTYLE_NAME fontID=5 name=User^2

.CMD DEFINE_FONTSTYLE_NAME fontID=6 name=User^3

.CMD DEFINE_FONTSTYLE_NAME fontID=7 name=User^4

.CMD DEFINE_FONTSTYLE_NAME fontID=8 name=User^5

.CMD DEFINE_FONTSTYLE_NAME fontID=9 name=User^6

.CMD DEFINE_FONTSTYLE_NAME fontID=10 name=User^7

.CMD DEFINE_FONTSTYLE fontID=0 family=Times^New^Roman points=10 bold=0 italic=0 underline=0 colrid=-1

.CMD DEFINE_FONTSTYLE fontID=1 family=Times^New^Roman points=10 bold=0 italic=0 underline=0 colrid=-1

.CMD DEFINE_FONTSTYLE fontID=2 family=Times^New^Roman points=10 bold=0 italic=0 underline=0 colrid=-1

.CMD DEFINE_FONTSTYLE fontID=4 family=Arial points=10 bold=0 italic=0 underline=0 colrid=-1

.CMD DEFINE_FONTSTYLE fontID=5 family=Courier^New points=10 bold=0 italic=0 underline=0 colrid=-1

.CMD DEFINE_FONTSTYLE fontID=6 family=System points=10 bold=0 italic=0 underline=0 colrid=-1

.CMD DEFINE_FONTSTYLE fontID=7 family=Script points=10 bold=0 italic=0 underline=0 colrid=-1

.CMD DEFINE_FONTSTYLE fontID=8 family=Roman points=10 bold=0 italic=0 underline=0 colrid=-1

.CMD DEFINE_FONTSTYLE fontID=9 family=Modern points=10 bold=0 italic=0 underline=0 colrid=-1

.CMD DEFINE_FONTSTYLE fontID=10 family=Times^New^Roman points=10 bold=0 italic=0 underline=0 colrid=-1

.CMD UNITS U=1

.CMD DIMENSIONS_ANALYSIS 0 0

.CMD COLORTAB_ENTRY 0 0 0

.CMD COLORTAB_ENTRY 128 0 0

.CMD COLORTAB_ENTRY 0 128 0

.CMD COLORTAB_ENTRY 128 128 0

.CMD COLORTAB_ENTRY 0 0 128

.CMD COLORTAB_ENTRY 128 0 128

.CMD COLORTAB_ENTRY 0 128 128

.CMD COLORTAB_ENTRY 128 128 128

.CMD COLORTAB_ENTRY 192 192 192

.CMD COLORTAB_ENTRY 255 0 0

.CMD COLORTAB_ENTRY 0 255 0

.CMD COLORTAB_ENTRY 255 255 0

.CMD COLORTAB_ENTRY 0 0 255

.CMD COLORTAB_ENTRY 255 0 255

.CMD COLORTAB_ENTRY 0 255 255

.CMD COLORTAB_ENTRY 255 255 255

.EQN 4 3 1 0 0

{0:t}NAME:0,0.01;2�

.EQN 5 0 2 0 0

{0:r}NAME({0:t}NAME):(0&{0:t}NAME`{0:\F}NAME({0:t}NAME)&{0:t}NAME)�

.EQN 5 0 3 0 0

{0:u}NAME({0:t}NAME):{0:\F}NAME({0:t}NAME)�

.EQN 5 -2 4 0 0

{0:x}NAME({0:t}NAME):(2*{0:r}NAME({0:t}NAME)-4*{0:r}NAME({0:t}NAME-0.5))+2*{0:r}NAME({0:t}NAME-1)+{0:u}NAME({0:t}NAME-1)-{0:u}NAME({0:t}NAME-2)�

.EQN 1 1 15 0 0

2&&(0&1.5)&{0:x}NAME({0:t}NAME)@&&(0&2.5)&{0:t}NAME�

0 0 1 1 1 0 1 1 1 

0 0 1 1 1 0 1 1 1 

0 1 0 0 1 1 NO-TRACE-STRING

0 2 1 0 1 1 NO-TRACE-STRING

0 3 2 0 1 1 NO-TRACE-STRING

0 4 3 0 1 1 NO-TRACE-STRING

0 1 4 0 1 1 NO-TRACE-STRING

0 2 5 0 1 1 NO-TRACE-STRING

0 3 6 0 1 1 NO-TRACE-STRING

0 4 0 0 1 1 NO-TRACE-STRING

0 1 1 0 1 1 NO-TRACE-STRING

0 2 2 0 1 1 NO-TRACE-STRING

0 3 3 0 1 1 NO-TRACE-STRING

0 4 4 0 1 1 NO-TRACE-STRING

0 1 5 0 1 1 NO-TRACE-STRING

0 2 6 0 1 1 NO-TRACE-STRING

0 3 0 0 1 1 NO-TRACE-STRING

0 4 1 0 1 1 NO-TRACE-STRING

0 1 1 27 15 10 0 3 
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